Roughness-induced scattering affects the performance of a resonator. We study the scattering of a single mirror first and compare the result with the losses of a two-mirror Fabry-Perot resonator. Besides some standard tools to characterize the losses, a new method based on the spectrally averaged transmission is introduced.
Introduction
The surface quality of mirrors is of crucial importance in a fundamental field as cavity quantum electrodynamics (QED) [1] and in applications such as ringlaser gyroscopes [2] and gravitational wave detectors, such as LIGO [3] , VIRGO [4] , and TAMA [5] . In all these cases, the roughness-induced scattering limits the ultimate performance. State-of-the-art supermirrors with ditto coatings have a loss (both absorption and scattering) of the order of 10 Ϫ6 per reflection and a surface roughness as low as 0.1 nm (rms) [6 -9] . However, generally more standard (ground and polished) mirrors are used with a typical loss of 10 Ϫ3 -10
Ϫ4
. We have used such mirrors (specified reflectivity of R Ͼ 99.8%) with a dielectric multilayer coating comprising 14 pairs of alternating high and low refractive-index ͞4 layers (at ϭ 532 nm). We used these standard mirrors, in which environmental effects are small compared with intrinsic mirror losses, for easy performance of the measurements that characterize the losses. However, the presented methods are equally valid for supermirrors. All that matters is not the transmission itself but the combination of mirror losses and transmission, which is expressed most easily by resonator efficiency [see Eq. (3)] [8 -10] . This efficiency is a key concept; it quantifies which part of the light inside the resonator leaves by means of transmittance of the mirrors, the rest being scattered and absorbed. Efficiency is 100% in the absence of scattering losses and decreases rapidly when these losses dominate the transmission.
We report on the scattering in a typical resonator and its consequences. In Section 2, the scattering losses of a single mirror are characterized. In Sections 3 and 4 we discuss the effect of loss on the performance of a two-mirror Fabry-Perot resonator. Section 3 describes the resonator losses as found from the widely used measurements of the spectral finesse and cavity ringdown time; this sets the stage for Section 4, where we show that similar information can be obtained from a new simple and accurate method that is based on a measurement of the spectrally averaged transmission. We conclude with a comparison and discussion of the various methods in Section 5.
Single-Mirror Scattering
We begin with measurements on the scattering of a single mirror. The amount and distribution of the roughness-induced scattering can be visualized and quantified with the setup shown in Fig. 1 . A cw single-frequency laser (InnoLight Prometheus) illuminates a pinhole P with a diameter of 200 m. The pinhole is imaged by the concave mirror under study, which has a radius of curvature of R ϭ 50 cm and is coated for optimum reflection around the laser wavelength of ϭ 532 nm. In the image plane of the pinhole, the central image is blocked to prevent overexposure of the CCD by the on-axis beam and to allow 0003-6935/07/225210-06$15.00/0 © 2007 Optical Society of America imaging of the angular resolved scattering. As the sensitive area of the CCD (Apogee Instruments Alta U1) is only 6.9 mm ϫ 4.1 mm, we use a patchwork of images on several lateral positions to obtain the scattering profile over a larger angular range.
These results are shown in Fig. 2(a) . The center shows the obscuration blocking the on-axis beam; the speckles in the picture result from light scattered out of the on-axis beam because of roughness on the mirror surface. Taking a closer look at the speckles, we note the rotational symmetry of the scattering pattern. The effect of scattering is clearly visible although the intensity in the central spot and the scattered light differ by more than 7 orders of magnitude. The spot on the mirror is small compared to the relevant dimensions in Fig. 2(a) , so we can neglect edge diffraction of the mirror and even treat the illuminated area approximately as a point scatterer in our analysis of the angle dependence of the scattering.
The standard way to quantify the distribution and the total amount of scattering of a mirror is expressed by the so-called bidirectional reflectance distribution function (BRDF) and the total integrated scatter (TIS) [11, 12] , respectively. The BRDF is defined as
where dP is the optical power scattered into a projected solid angle d⍀ cos s , where s is the scattering angle and P 0 is the incident energy on the surface. The cos s term is a correction to adjust the illuminated area on the mirror to its apparent size when viewed from the scattering direction. As the mirror is illuminated close to normal incidence ͑ЄPMB ϭ 12°͒ we can set cos i Ϸ 1 for the incident angle. When the BRDF is integrated over the solid angle, where s ranges from 0 to ͞2 and from 0 to 2, the TIS is found. As the scattering was observed to be rotationally symmetric, we can use data from one radial direction only. To calculate the BRDF over a larger angular range than that found in Fig. 2 (a), some additional images were made. To limit the fluctuations in the offset (to ϳ10 units on the 2 16 scale of the 16 bit camera), we average over 10 images on each position. Furthermore, to eliminate the speckles, the image is averaged over up to 500 vertical pixel lines. The resulting BRDF is shown in Fig. 2(b) , where s ranges from 0.14°to 7.6° [13, 14] . The line fits the measured data with a BRDF of 0.036 ϫ s
Ϫ1.33
. Mirror surfaces that can be described by such a simple power law are called fractal surfaces [12, 15] . Now that we know the distribution of the scattering, we can also calculate the TIS by integration of the BRDF as found from the fit. The resulting TIS is approximately 1.6 ϫ 10
Ϫ3
, half of which lies within the s range of 0-20°. So, for every bounce on the mirrors, a fraction of the light, 1.6 ϫ 10
, is scattered out of the specular direction. This estimate is, of course, not very accurate as it is found via extrapolation outside the measured s range. Still there are at least three arguments why the extrapolation of the BRDF and the estimated TIS are not without merit. First, the observed angular dependence of the scattering in the form of a power law (fractal surface) is quite common and generally gives a reliable fit [11, 12, 15] . Second, a measurement of the scattering of intracavity light at a scattering angle of ⌰ s ϭ 50°( to be discussed in Subsection 4.A) agrees to within 20% with the extrapolated BRDF in Fig. 2 . Finally, the five estimates of efficiency that we discuss below and tabulate in the conclusion are in good agreement with each other.
The connection between the TIS and the rms surface roughness is given by [12] 
assuming that the light is normally incident on the surface. Substituting the calculated TIS ϭ 1.6 ϫ 10 Ϫ3 in Eq. (2) results in a surface roughness of ϭ 1.7 nm [16, 17] .
Spectral and Temporal Measurements of Resonator Losses
We now discuss how scattering influences the performance of a two-mirror resonator. The efficiency indicates which part of the light inside the resonator leaves by way of transmittance of the mirror, the rest being scattered and absorbed. This ratio is expressed by
where A is the scattering loss (absorption can be neglected as in Refs. 6 and 10) and T is the transmission. The total integrated scatter, just measured on a single mirror, can also be used to calculate the efficiency of the two-mirror resonator. The mirror under study has A ϭ TIS ϭ 1.6 ϫ 10 Ϫ3 and a measured transmission of T ϭ 4.1 ϫ 10
Ϫ4
, which results in a resonator efficiency of ϭ 20%. The rest of the light, approximately 80%, leaves the resonator by means of scattering.
The performance of a Fabry-Perot is generally described in terms of finesse F, which depends on the losses of the resonator by
So, if we are able to measure the cavity finesse and know the transmission of the mirror, we can determine the efficiency of resonator . Two methods are introduced here: spectral and temporal. The spectral method determines the finesse by means of the ratio of the free spectral range (FSR) ⌬ FSR and the FWHM spectral linewidth ⌬. For our resonator, we measure F ϭ ⌬ FSR ͞⌬ ϭ 1380 Ϯ 40. Replacing F in Eq. (4) by this value results in A ϩ T ϭ 2.3 ϫ 10
Ϫ3
, which combines with the transmission of a single mirror T ϭ 4.1 ϫ 10 Ϫ4 to ϭ ͑18.0 Ϯ 0.5͒%. Our setup is sufficiently stable and the scan of the cavity length is performed fast enough ͑FSR Ϸ 10 ms͒ to avoid any detrimental effects of acoustic vibrations or seismic noise. At the limited cavity finesse that our mirrors allow, it is not necessary to evacuate the system; Rayleigh scattering in air is not yet important [18] .
The temporal method determines the finesse by way of the measurement of the 1͞e decay time of the intracavity power after the optical injection has been switched off; this is a so-called cavity decay time [7] or cavity ringdown experiment [19 -21] . Our temporal measurement yields a decay signal that is exponential over at least 2 orders of magnitude. The fitted 1͞e cavity decay time of ϭ 0.18 s corresponds to F ϭ c͞L ϭ 1700 Ϯ 40, where c is the speed of light and L is the cavity length. Combining the value of A ϩ T ϭ 1.84 ϫ 10 Ϫ3 calculated from Eq. (4) with the measured (single-mirror) transmission T ϭ 4.1 ϫ 10 Ϫ4 now gives a cavity efficiency of ϭ ͑22.2 Ϯ 0.5͒%.
The difference between the finesse measured with the spectral method and the cavity ringdown may be surprising but has been observed before. A possible explanation has been given by Rempe et al. [22] . They state that, for a proper spectral measurement, spatial coherence of the injected field should be retained after repeated reflections. A temporal ringdown experiment, however, requires energy confinement only within the cavity, which imposes a restriction only on the incoherent field. This is less critical to perturbations by, e.g., scattering, than the restriction on the coherence of the field.
Resonator Losses
We now show that the resonator efficiency can best be determined from the spectrally integrated or averaged transmission. For this experiment we use either incoherent illumination at a fixed cavity length (Subsection 4.A) or coherent illumination while scanning the length of the Fabry-Perot resonator (Subsection 4.B).
Some relevant equations are as follows: The transmission of a resonator as a function of single-pass phase is [23] 
where F ϭ ͑͞A ϩ T͒ is the cavity finesse. The maximum peak transmission of the resonator (at ϭ 0) is
The spectrally averaged transmission on which we will elaborate is given by
where the relation
is used ͑F Ͼ Ͼ 1͒. Based on Fig. 3 , we will define the optical power that enters the resonator by means of the first mirror as P inject ϭ TP i and rewrite the average output power as ͗P T ͑͒͘ ϭ 1͞2TP i ϭ 1͞2P inject . The interpretation of this equation is as follows. In a cavity without scattering loss ( ϭ 1), half of the injected power is transmitted by the back mirror, whereas the other half leaves by way of the front mirror. In the presence of scattering, both numbers are reduced by an efficiency factor of ϭ T͑͞A ϩ T͒.
A. Spectrally Incoherent Input Beam
Both experiments on the spectrally averaged transmission are performed on the same resonator described in Section 3. The cavity length is approximately 10 cm and the cavity is operated far from (lower-order) frequency-degenerate points to exclude transverse mode coupling [24] . For incoherent illumination of the Fabry-Perot, we use a LED with a central wavelength of ϭ 525 nm and a spectral width of 36 nm FWHM. To operate the resonator at the same wavelength as with a coherent light source, a spectral filter ( ϭ 532.0 nm, ⌬ FWHM ϭ 3.5 nm) is placed in front of the LED. The highly diverging light emitted by the LED is converted into a more or less parallel beam in two steps. First, an enlarged image of the LED is made on a diaphragm (5 mm diameter) and a homogeneous part of this image is cut out. The parallelism of the beam is further improved with a second diaphragm (5 mm diameter) placed 50 cm behind the first one, just in front of the resonator. The diameter of the two diaphragms is chosen to be smaller than that of the detector ͑8 mm͒ placed behind the resonator.
The power of the spatially filtered LED is below 1 W, whereas the detected power behind the mirrors is subnanowatt. To measure reliably at these low output powers, a photomultiplier (Hamamatsu 5783-01) is used in combination with a chopper and a lock-in amplifier. The transmittance of the front mirror of the resonator, which we measured first, is again T ϭ 4.1 ϫ 10
Ϫ4
. This transmission is in agreement with the coherent measurement to be discussed in Subsection 4.B. Next, the transmittance behind the two-mirror resonator is measured. Substitution of the result in Eq. (6) yields an efficiency of ϭ ͑23.6 Ϯ 0.2͒%. This means that approximately 75% of the light inside the resonator is lost by scattering or absorption.
Finally, we also want to check whether the scattering losses (A channel in Fig. 3 ) are as strong as would be expected from the (single-mirror) BRDF measurement described in Section 2. For this purpose, the detector is moved from behind the resonator to the side of the resonator where it looks under an angle of 50°inside the resonator to the end mirror. At an injection power of P i ϭ 91 nW in front of the resonator, we measured a scattered power of 84 fW in ⌬⍀ ϭ 6 ϫ 10 Ϫ2 sr at s ϭ 50°. From Fig. 2 we extrapolate that BRDF ϭ 2 ϫ 10 Ϫ4 at s ϭ 50°, which would result in 96 fW on the detector. This is in good agreement with the measurement and thus confirms that the scattering strength as deduced from a two-mirror resonator is identical to that measured on a single mirror at small angles and extrapolated to larger angles.
B. Spectrally Coherent Input Beam
In the next experiment, the resonator is illuminated coherently by our ϭ 532 nm laser, where the beam is mode matched to the lowest-order mode of the resonator. We use an input power of less than 0.1 mW to avoid complications caused by heating [10] . The length of the resonator is scanned over a few wavelengths with a piezo (Physik Instruments P-753.1) to obtain the transmission spectrum as a function of phase . To be able to use the power arguments made in the beginning of Section 4, the transmitted power is spectrally averaged over one FSR. Doing so, the phase is averaged out. A lens is placed behind the resonator to catch all the light transmitted through the end mirror. For this spectral measurement, depicted in Fig. 4 , we used a 14 bit digitizer (National Instruments PCI-5911). To resolve the resonances, also in the horizontal ͓͑͞2͔͒ direction, the digitizer is operated at 5 ϫ 10 6 samples͞s. In the spectrum, approximately 60% of the transmitted power is located in the single prominent resonance (peak transmission ϳ 1.7%) and 40% is found in the smaller resonances (peaks Ͻ 0.3%). The spectral average of the transmitted power is measured to be a fraction of 4.1 ϫ 10 Ϫ5 of the input power. This yields an efficiency of ϭ ͑20 Ϯ 2͒%. We thus find again that only 20% of the light is transmitted through the mirror, while 80% escapes by scattering.
The efficiency can also be determined from the peak transmission of a spectral resonance, which is related by ϭ ͱ T͑0͒ for mode-matched operation [see Eq. (6)]. From the measured peak transmission of T͑0͒ ϭ 1.7%, we find an efficiency of ϭ 13%. This efficiency is smaller than found above, as only the peak transmission of the most prominent resonance is taken into account, whereas some higher-order modes are also mildly excited. We note that the peak transmission and the spectral width of a spectral resonance yield identical information as they are inextricably connected by means of the Lorentzian line shape.
Concluding Discussion
Roughness-induced scattering limits the performance of a Fabry-Perot cavity. We have visualized and described the scattering of a single mirror by the BRDF and TIS and compared the losses of a resonator comprising two mirrors. We have quantified the resonator efficiency ϭ T͑͞A ϩ T͒ by the widely used measurement of the spectral finesse and the cavity ringdown time. We have also introduced a new method, based on the spectrally averaged transmission. Table 1 shows that all the methods give approximately (within statistical errors) identical results, that is, an efficiency of the resonator under study of Ϸ 20%, thus validating our new method. The new method can be applied to the standard mirrors used in this paper, but can also be used for supermirrors used in gravitational wave detectors and cavity QED. To appreciate this fact, we note that, although the transmission and absorption (in an absolute sense) are now orders of magnitude lower than for the mirrors discussed in this paper, resonator efficiency (the ratio of the transmission and the losses) is of the same order of magnitude. Determined by angular-resolved scattering of a single mirror (TIS), by the spectral width and cavity ringdown time, and by average power measurements for incoherent and coherent illumination of the resonator.
